Instability-induced random branching of deterministic dynamics is discussed as a possible mechanism of random wave function collapse. In the case of two level systems, the Born probability rule emerges as the simplest linear solution to the equation for measurement probabilities.
It is well-known that determinism and randomness coexist in the mathematical structure of quantum mechanics. This coexistence leads to the paradox of random wave function collapse. The random wave function collapse follows from the Measurement Postulate of quantum mechanics which is often called the Born rule. According to this postulate, during measurements, wave functions collapse into specific eigenfunctions corresponding to measured eigenvalues of Hermitian operators. Since results of measurements are probabilistic in nature, this implies the random collapse of original wave functions. This random wave function collapse is seemingly inconsistent with the purely deterministic timeevolution of wave functions described by the time-dependent Schrödinger equation. This inconsistency of the Born rule with the timedependent Schrödinger equation has been the source of lingering controversy and ongoing scientific debate.
It is worthwhile to mention the remarkable universality of the Born rule. Indeed, the probability of wave function collapse is determined by the same rule regardless of the physical nature of microscopic systems, their states and the physical quantities being measured. This probability (often called the Born probability) is equal to |c n | 2 where c n is a coefficient in the expansion of a state wave function with respect to the joint (common) eigenfunctions ϕ n (x) of Hermitian operators corresponding to a complete set of the simultaneously measurable physical quantities.
The paradox of random wave function collapse resulted in the emergence of different interpretations of quantum mechanics. Examples of such interpretations include "hidden variables" theories, the "many worlds" interpretation, "consistent histories" or "decoherent histories" theories, and "ensemble" models. It was also suggested to introduce random and nonlinear terms into the time-dependent Schrödinger equation to account for the random wave function collapse during measurements. The critical discussion of these and other theories along with appropriate references can be found in [1, 2] .
The prevailing point of view is that the quantum mechanical nature of the measurement process and the mechanism of random wave function collapse have not been clearly understood yet. It would be desirable to demonstrate that the Born rule is derivable. However, it is hardly doable. The mathematical reason is that a macroscopic measuring device has a huge number of microscopic degrees of freedom. This makes it impossible to solve the time-dependent Schrödinger equation and to trace the emergence of the Born rule for various physical measurements.
It is apparent that during measurements appreciable amplification (enhancement) of microscopic effects must occur in order to make them tangible to a macroscopic observer. It is natural to assume that this amplification is due to certain instabilities involved in the measure-ment process. It turns out that under some circumstances, instabilities may lead to randomness in deterministic dynamics. It is along this line of reasoning that the measurement process is analyzed in the following discussion. This discussion of quantum mechanical measurements does not involve any change in the foundation of quantum mechanics. Consider a microscopic system described by the wave functionψ(x, t) where x stands for all microscopic degrees of freedom. To be specific, we assume that energy along with some other physical quantities are being simultaneously measured. For this reason, we representψ(x, 0) as follows:ψ
where ϕ n (x) are joint eigenfunctions of the Hamiltonian and other operators of simultaneously measurable physical quantities. It is apparent that
Next, we shall use the notation ψ(q, x, t) for the wave function of the microscopic system and measuring device. Here q stands for all microscopic degrees of freedom of the macroscopic measuring device. It is also apparent that |ψ(q, x, t)| 2 dqdx = 1.
Suppose that the measurement is initiated at time t = 0. Since the macroscopic device and microscopic system do not interact before t = 0, the initial wave function of the overall system can be represented as the following product
It is apparent from formulas (2), (3) and (4) that
We shall use the following expansion for the overall wave function
From the last formula, we find that
By taking into account the orthonormality of functions ϕ n (x), we derive
Now, from formulas (3) and (8) we conclude that
Next, we introduce the following functions
It is clear from (9) that
Formulas (10) and (11) imply that the dynamics of the overall wave functionψ(q, x, t) during any measurement process can be mapped into the dynamics of functions b n (t) on the "positive" part S + of the unit sphere, that is, the part of the unit sphere with positive coordinates. Next, by using formulas (1), (4) and (6) we find that
which leads to a n (q, 0) = A(q)c n .
From the last formula as well as formulas (5) and (10), we find that
which can be construed as the initial condition for the dynamics of b n (t) on the unit sphere.
The Born rule and experiments suggest that as a result of measurement the overall wave function ψ(q, x, t) is collapsed with probability
into the wave function
where τ stands for the time-duration of measurement. This implies that the deterministic dynamics of b n (t) on S + starting from the initial condition (14) randomly collapses into the point of the unit sphere with the coordinates
Conversely, it is also apparent that the described random collapse of b n -dynamics on the unit sphere implies the random collapse of the overall wave function ψ(q, x, t) into the wave function given by the formula (16). Now, the question can be posed under what conditions the deterministic b n -dynamics on the "positive" part of the unit sphere randomly collapses into one of the points specified by formula (17). To answer this question, we describe the b n -dynamics on S + by the equation
where b(t) is a vector whose Cartesian components are b n (t). Since equation (18) describes the dynamics on the unit sphere, we easily find that
Next, consider the case when vector v(b(t)) can be decomposed as follows
where
It is assumed in the last two formulas that function f (b(t)) is defined on S + and ∇ S + f (b(t)) is the gradient of f (b(t)) along S + .
By using the last two formulas, the equation (18) can be written as
It is also clear that
Now, from the last two formulas, we find
This implies that the b-dynamics on S + results in the monotonic decrease of f (b(t)). This suggests that equation (22) can be viewed as a generalized Landau-Lifshitz-type equation where the gradient of the f -function can be construed as a generalized damping. Now, consider the case when f (b(t)) has only one maximum value at the point on S + specified by the initial conditions (14) and minimum values only at the points specified by formula (17) with all possible values of n 0 . According to formula (24), points (17) can be viewed as attractors whose basins of attractions may be finely interlaced around the initial point (14). It is assumed here that f is such that there are no attractive (stable) limit cycles and points (17) are the only attractors. Then, it is clear that this b-dynamics is intrinsically unstable. Any tiny perturbation of the initial condition (14) results according to inequality (24) in deterministic b-dynamics (relaxation) which ends in one of the f -minimum points (17). If a tiny perturbation is random, then the random branching of deterministic dynamics occurs and the final destination of the deterministic b-dynamics is random as well.
It is interesting to consider the case of twolevel systems. In this case b-dynamics occurs on a "positive" part S + of the unit circle (see Figure 1 below) . Accordingly, the b-dynamics can be represented by the equation
where f (b(t)) is a function that has only one maximum value on S + at the point specified Figure 1 by the initial vector b(0) and only two minimum values at the points (1, 0) and (0, 1). By using the same reasoning as before, it is easy to derive from equation (25) that
Thus, if the deterministic dynamics starts at the point specified by initial vector b(0), it can only relax to one of the boundary points of S + . This relaxation is deterministic. However, the choice of relaxation trajectory to one of the boundary points is controlled by chance. This leads to the random branching in deterministic b-dynamics and to the randomness in its final destination. Let P 1 and P 2 be the probabilities of random collapse to the boundary points (1, 0) and (0, 1). These probabilities depend on the initial position. Consequently, they depend on b 2 1 (0). Thus, we can write
Due to symmetry reasons, it can be concluded that
which leads to
Now, the Born probability rule emerges as the simplest linear solution of equation (29):
which also implies that
There are two possible sources of tiny randomness involved in measurements. One source is due to the fact that there is no way to control (and reproduce exactly) the wave function of a macroscopic measuring device (with a huge number of microscopic degrees of freedom) before the onset of each measurement. For this reason, each measurement is performed with slightly different (and random) initial wave function of the measuring device. However, as it is clear from formula (14), this randomness does not affect the initial conditions for b-dynamics. Another source of randomness is due to the fact that the measuring device and microscopic system (being measured) do not form, strictly speaking, a closed system. In other words, any measurement is performed in the presence of the fluctuating environment and, for this reason, measurements will always be subject to tiny random perturbations from the external environment. These tiny random perturbations may lead to random branching in deterministic b-dynamics and result in the random collapse of the wave function.
It is worthwhile to point out that our analysis has been carried out by using only the unitarity condition for wave function evolution, and no dynamics equation for such evolution has been used. This brings the difficult question of the mathematical mechanism of instability on the level of the linear dynamic Schrödinger equation. It can be conjectured that it may be a parametric instability due to the periodicin-time and space coefficients in equations for functions a n (q, t).
